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A six-coloring of the euclidean plane is constructed such that the distance 1 
is not realized by any color except one, which does not realize the distance l/& 
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A 42 year old problem due to Edward Nelson asks to find the chromatic 
number x(E2) of the plane, i.e., the minimal number of colors that are 
required for coloring the plane so that no two points, a unit distance apart, 
lie on the same color. 
It has been known, since 1950, that 
4 < x(E2) < 7. (1) 
Related questions have been considered. One of them: find the minimal 
number x1(E2) of colors that are required for coloring the plane so that for 
each color i at least one distance di is not realized in this color. In 1970, 
D. E. Raiskii [l] showed that x1(E2) > 4. In the same paper he presented 
an example, due to S. B. Stechkin, that proved the inequality x,(E’) < 6. 
If the ultimate goal is to improve the inequality (l), it may be 
worthwhile to use the following notation for evaluating how close a 
coloring of the plane is to achieving that. Given an n-coloring of the plane 
such that the color i does not realize the distance di (1 < i < n), we would 
say that this coloring has type (d,, d2, . . . . d,). 
It would be a great improvement in the original problem to find a 
six-coloring of type (1, 1, 1, 1, 1, l), or to show that one does not exist. 
The 1970 Stechkin coloring in [l] had type (1, 1, 1, 1, 4, f). In 1973, 
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FIGURE 1 
D. R. Woodall [2] reached his goal of finding a closed six-coloring of the 
plane with all distances not realized by any color. His example, however, 
had three “missing distances.” It had type (1, 1, 1, l/J?, l/A, l/2 fi). 
Here we present a six-coloring of type (1, 1, 1, 1, 1, l/,/?); i.e., in this six- 
coloring the distance 1 is not realized by any color except one, which does 
not realize the distance l/d. This seems to be the first relevant example 
of six- (or seven-) coloring not based on a regular triangular lattice. 
We start with two squares, one of side 2 and the other of diagonal 1 
(Fig. 1). We can use them to tile the plane with squares and (non-regular) 
octagons (Fig. 3). Colors 1, . . . . 5 will consist of octagons; we will color all 
squares in color 6. With each octagon and each square we include half of 
its boundary (bold lines in Fig. 2) without the endpoints of this half. It is 
easy to see that $ is not realized by any of the colors 1, . . . . 5; and 1 is not 
realized by the color 6. By shrinking all linear sizes by a factor of &, we 
get a six-coloring of type (1, 1, 1, 1, 1, l/J?). 
FIGURE 2 
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